We calculate the effective potential for the vacuum gauge field from the oneloop matter effect in the (Minkowski) 3 ×S 3 ×S 1 spacetimes. This background geometry is motivated from the recent studies on gauged supergravities with a positive-definite potential, which admits a generalized Kaluza-Klein reduction. We investigate how symmetry breaking patterns through the Hosotani mechanism are affected by the ratio of the radii of S 1 and S 3 .
I. INTRODUCTION
Recently there has been much interest in a dynamical symmetry breaking mechanism in higher dimensional theories, i.e., the Hosotani mechanism considered on various compact extra dimensions [1] . In this mechanism a constant vacuum gauge field on a multiply-connected space or an orbifold becomes dynamical degrees of freedom and develops the vacuum expectation value, which plays a role of an "order parameter" for symmetry breaking. Moreover the analysis of one-loop vacuum effects is crucial for determining the order parameter.
On the other hands, it is well known that the Salam-Sezgin model [2] of the sixdimensional N = 2 Einstein-Maxwell supergravity has a supersymmetric (Minkowski) 4 × S 2 vacuum, which is a particular model of a more general class of the six-dimensional supergravities constructed in [3] . The main property of this model is a positive-definite potential which admits a (Minkowski) 4 × S 2 vacuum solution with the Maxwell field assuming a magnetic monopole configuration on S 2 [4] , leading to the flat spacetimes without fine tuning, i.e., in the sense of the consequence of the field equations. In this compactification, moreover, a fermion coupled to the magnetic flux is led to the chiral fermion and then the effective theory has the supersymmetric SU(2) × U(1) gauge theory in the four-dimensional spacetime. The vanishing of the four-dimensional cosmological constant and the supersymmetry make it an interesting model for phenomenology [5] [6] [7] .
The higher-dimensional origin of the Salam-Sezgin model is studied in [8] [9] [10] [11] . These researches were followed by a generalized Kaluza-Klein reduction [12] which gauges a homogeneous global scaling symmetry as well as Cremmer-Julia type global symmetry, leading to a positive-definite potential. Moreover the generalized Kaluza-Klein procedure is studied in arbitrary dimensions in [11] . In this method, the generalized Kaluza-Klein reduction was carried out on the bosonic content of the half-maximal supergravity in D = d+1(≤ 10) which consists of the graviton, the antisymmetric tensor, the vector field and the dilaton, which appear in the bosonic parts of the heterotic string theory (or the NS-NS sector of the type-II string theory We assume that the antisymmetric tensor field on S 3 forms the magnetic flux configuration, which guarantees that the rest of the spacetimes is flat, while there is a gauge field on S 1 which becomes dynamical degrees of freedom, causing a symmetry breaking under a certain condition that appeared in the Hosotani mechanism.
In such a backgroud spacetime, we consider quantum effects of a scalar field as well as a fermion without a flux coupling in the model for simplicity. In this setting, we calculate the one-loop effective potential for the vacuum gauge field in the (Minkowski
spacetimes. In the present model, there are no massless fermion in the low-energy effective theory. As was pointed out in [13] , however, it is important to consider the massive fermion which affects the symmetry breaking patterns through the Hosotani mechanism, which is not expected in the massless fermion case. In the present model, the effects of the non-zero eigenmodes of S 3 may be crucial for the symmetry breaking patterns.
The organization of this paper is as follows; in the next section we estimate the effective potential for the vacuum gauge field on S 1 by computing the one-loop effects of matter fields in the (Minkowski) 3 × S 3 × S 1 spacetimes. We investigate how the symmetry breaking patterns through the Hosotani mechanism are affected by changing the ratio of radii of S 1 and S 3 , after carried out the regularizaton and the summation over the massive modes.
Finally we discuss the result in the last section.
II. ONE-LOOP EFFECITVE POTENTIAL
In this section, we consider a toy model motivated by the seven-dimensional gauged supergravity with a positive-definite potential, permitting a vacuum solution whose spacetimes geometry is the (Minkowski) 3 × S 3 × S 1 . We compute the quantum effects of the scalar and fermion field with the vacuum gauge field in this background solution. For simplicity, we treat the fermion field which is not coupled to the flux of the antisymmetric tensor field on S 3 and restrict our attention to whether the symmetry is broken or not, without concerning about the symmetries realized.
A. the scalar field
To begin with we compute the one-loop quantum effect of the scalar field in a (Minkowski) 3 × S 3 × S 1 spacetimes. We assume that the scalar field is also decoupled from the flux on S 3 .
In general, as is denoted in [14] , the effective vacuum energy density V 0 in a background geometry which is a (Minkowski) d × S N spacetimes is represented by
for a single scalar degree of freedom. Here a is the radius of S N and m is a bare mass. 
respectively.
In addition, if we consider the S 1 compactification, we take the additional discrete eigenvalues n 2 /b 2 , where n is integer and b is the radius of S 1 . Then the one-loop vacuum energy in a (Minkowski) 3 × S 3 × S 1 spacetimes can be written as
Now we consider the vacuum gauge field on S 1 . Once we choose a symmetry group and a group representation of the scalar field, the coupling to the vacuum gauge field is determined and the eigenvalues on S 1 is specified for each component field. However, if
we concentrate ourselves on the possibility of the symmetry breaking, we need not specify the representation. The spectrum of the scalar component coupled to the non-zero vacuum gauge field should take the following form
where v denotes a characteristic scale of the vacuum gauge field. Thus the necessary condition for symmetry breaking is the one-loop effective potential V sca ef f , which is obtained by
has the non-trivial minimum at non-zero v. Note that this is not a sufficient condition.
Non-zero v may be equivalent to the trivial vacuum, which depends on the group representation [1] .
We use the formula for the elliptic theta function:
Then one can find the one-loop effective potential as
In addition, we use an integral representation of the modified Bessel function:
Then one can rewrite the effective potential as follows:
We consider the case of the massless scalar field and drop the divergence which is independent of v. Finally, we show the effective potential for the various values of the radius of 
As was discussed in the previous subsection, the contribution of discrete eigenvalues of S 1 and the vacuum gauge field on S 1 can be taken by considering (4).
Then one can find the one-loop effective potential, setting the bare mass to zero, as
after using the formula for the elliptic theta function (6) . This is normalized as a contribution of a single Dirac fermion.
We also drop the divergence independent of v. Although we have considered the toy model started from the motivation about the gauged supergravity, the quantum effects of the effective theory are important for the dynamical symmetry breaking during the cosmological evolution. Further, the supersymmetry breaking effect, leading to the vacuum energy contribution to the cosmological constant, must be taken into consideration.
In the present paper, we have treated only the fermion without the flux coupling, and then there is not a zero-mode in the spectrum. We will further investigate the fermion with a flux coupling having a zero-mode. We anticipate that the symmetry breaking patterns may not change as in the case with the scalar field.
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